Abstract: The statistical distribution of financial returns plays a key role in evaluating Value-at-Risk using parametric methods. Traditionally, when evaluating parametric Value-at-Risk, the statistical distribution of the financial returns is assumed to be normally distributed. However, though simple to implement, the Normal distribution underestimates the kurtosis and skewness of the observed financial returns. This article focuses on the evaluation of the South African equity markets in a Value-at-Risk framework. Value-at-Risk is estimated on four equity stocks listed on the Johannesburg Stock Exchange, including the FTSE/JSE TOP40 index and the S & P 500 index. The statistical distribution of the financial returns is modelled using the Normal Inverse Gaussian and is compared to the financial returns modelled using the Normal, Skew t-distribution and Student t-distribution. We then estimate Value-at-Risk under the assumption that financial returns follow the Normal Inverse Gaussian, Normal, Skew t-distribution and Student t-distribution and backtesting was performed under each distribution assumption. The results of these distributions are compared and discussed.
Introduction
Value-at-Risk (VaR) is defined as the worst expected loss over a given period at a specified confidence level [1] . Jorion [2] describe VaR as the quantile 1 of the projected distribution of losses and gains of an investment over a target horizon. VaR answers the question, "How much can I lose with q% probability over a certain holding period?" [1] . The risk metric VaR, has become a widely used risk measure by financial institutions and regulatory authorities 2 , as it attempts to provide a single number that summarizes the overall market risk in individual stocks and for portfolios [4] .
VaR is a tool used to measure market risk, where market risk is the potential for change in the value of an investment due to change in market risk factors [1] . Market risk factors are interest rates, commodity prices, foreign exchange rates and stock and bond prices [1] . Historically, market risk was measured by the standard deviation of unexpected outcomes or by simple indicators of the notional-amount of the individual stock [5] . McNeil et al., in [5] , provide the pros and cons of each traditional measures of market risk.
When evaluating VaR for financial assets the distribution of the returns of the underlying asset play an important role. Methodology of estimating VaR can be classified into two groups, i.e., the parametric VaR and non-parametric VaR. The classification of VaR methodology is based on how the financial return distribution is modelled. Parametric VaR assumes that financial returns are modelled using a statistical distribution (e.g., Normal and Student t-distribution). Whereas non-parametric VaR assumes that financial returns are modelled using the empirical distribution. The statistical distribution that is commonly assumed in parametric VaR is the Normal distribution, which is easy to implement as it depends on two parameters, i.e., the mean and standard deviation of historical returns. However, a number of studies have shown that daily financial returns are non-normal, they display a leptokurtic and skewed distribution as noted by Mandelbrot [6] and Fama [7] . A leptokurtic distribution has a higher peak and heavier tails than the Normal distribution [8] . In other words, the frequency of financial returns near the mean will be higher and extreme movements are more likely than the Normal distribution would predict. For example, if we consider South African FTSE/JSE TOP40 Index the largest decrease was roughly 14%, which occurred in 1997. The 14% decrease deviates by ten standard deviations from the mean and by modelling financial returns with the Normal distribution this decrease is practically impossible.
The quality of VaR is dependent on how well the statistical distribution captures the leptokurtic behaviour of the financial returns [9] . Shortcoming of statistical distribution can result in incorrect estimation of risk and lead to serious mismanagement of risk, for example insufficient capital invested to limit the probability of extreme losses. Hence, finding a statistical distribution that represents the leptokurtic behaviour of financial returns in VaR estimation remains an important research topic. The introduction of VaR as the market risk measure has seen a number of empirical studies being done to find alternative distributions to the Normal distribution. These studies include application of the Student t-distribution (t-distribution in VaR estimation for returns on US equities and bonds by Huisman, 1 Also referred to as percentile. 2 The Basel Committee imposing minimum capital requirements for market risk in the "1996 Amendment" [3] .
Koedijk, and Pownall [10] . Application of the t-distribution in VaR estimation within the South African equity market was done by Milwidsky and Maré [11] . The t-distribution is also used by McNeil and Frey in [12] and Platen and Rendek [13] . Although the t-distribution addresses the issue of heavy tails, it fails to address the skewness present in financial returns because it is symmetrical about zero. The lack of skewness in the t-distribution was first addressed by Hansen in [14] , when he first proposed a skew extension to the t-distribution for modelling financial returns. Since then, several authors have studied the application of the Skew Student t-distribution (Skew t) to modelling financial returns, see for example, Azzalini and Capitanio [15] , Aas and Haff [16] , Jones and Faddy [17] . The other proposed distribution is the Extreme Value Theory, which only models the behaviour of losses and not the entire returns distribution. For application of the Extreme Value Theory refer to: Longin [18] , Danielsson and De Vries [19] , McNeil and Frey [12] , Embrechts, Klüppelberg and Mikosch [20] , Gençay, Selçuk, and Ulugülyagci [21] and Wentzel and Maré [22] . Other methods used include, modelling the returns and volatility process by the ARMA (1,1)-GARCH (1,1) time series and then fitting the residuals with the selected distribution, which this article will not be pursing, see for example Bhattachariya and Madhav [23] , Schaumburg [24] and Kuester et al. [25] .
The focal point of this article is to apply the NIG distribution to the evaluation of the South African equity markets in a Value-at-Risk framework. This study is based on the work of Bølviken and Benth [26] , who investigated the NIG distribution as a tool to evaluate the uncertainty in future prices of the shares listed on the Norwegian Stock Exchange in Oslo. At the time of writing this article, we became aware of the work on VaR by Huang et al. [27] . In their work, they utilized the NIG, Skew t and Generalised Hyperbolic for modelling the South African Mining Index returns. The NIG distribution is able to capture the skewness and kurtosis present in the financial returns. The tails of the NIG distribution are described as "semi-heavy". Dependent on four parameters that affect the shape of the density function, with the NIG distribution one is able to create different shapes of the density function by adjusting the parameters, making the NIG distribution very flexible. Most of the authors have report an excellent fit to the financial returns. Application and reviews of the NIG distribution is given by Lillestøl [28] , Rydberg [9] , Prause [29] , Barndorff-Nielsen [30] , Venter and de Jongh [31] and Bølviken and Benth [26] . The NIG distribution has an important property of being closed under convolution i.e., the sum of independent NIG random variables is also NIG distributed. This property is useful when working with a portfolio of shares and for time scaling of VaR.
The goal of the article is to implement the NIG distribution and compare the fitting to that of the Skew t, t-distribution and Normal distribution over four sample periods defined in Section 2. Lastly, we estimate Value-at-Risk under the NIG assumption and compare the numbers to those under the Normal, t-distribution, Skew t and the Extreme Value Theory. This study is restricted to market risk associated with price changes of equity stocks listed on the Johannesburg Stock Exchange in South Africa over 1-day time horizon. Therefore, VaR is estimated in linear positions in the underlying equity stocks. In Section 2 we give a summary of the listed companies and indices that we will be using to evaluate Value-at-Risk. In Section 3 we fit the NIG, Skew t, t-distribution and Normal distribution to the chosen stocks and indices and compare the fit using the Kolmogorov-Smirnov distance between the empirical distribution and the fitted distribution. In Section 4 we evaluate Value-at-Risk and ES for the chosen equity stocks and indices assuming that the underlying distribution is NIG, t-distribution and Skew t and conclude the section with the backtesting results. Finally, in Section 5 we discuss our findings and draw some conclusions. The graphs and some of the tables are presented in the last five pages of this article.
Empirical Study
In this section, we consider the listed equity data and give a brief insight into our data.
Empirical Data
The empirical study is done using four South African equity stocks, FTSE/JSE TOP40 (J200) index and the S & P 500 index. We included the FTSE/JSE TOP40 index, which consists of the 40 largest companies listed on the JSE in terms of market capitalization. The Index gives reasonable reflection of the entire South African stock market as these 40 top companies represent over 80% of the total market capitalization of all the companies listed on the JSE [32] . The daily log returns defined by r t = ln(S t /S t−1 ) were obtained totalling a series of N − 1 observations for South African listed shares, where N is the total number of closing prices observed for each share and (S t ) t≥0 is the closing price/index level at day t. We assume the share prices and index level to follow a random walk and exclude dividends.
The sample period has been split into three sub-samples, that is: Most of the analysis is performed using the entire sample period and the three sub-samples. We start off with a statistical summary of the data for each share and the indices over varying periods ending 31 July 2014. Table 1 above shows the statistical summary of the data for each share, computed using the daily log returns. Based on the statistical results of the empirical data in Table 1 the mean of the each stock and the index is relatively small; compared to the variance it is almost insignificant. The excess kurtosis for each stock and the index is greater than zero. This indicates a higher peak and heavier tails meaning extreme loss and profit are more likely to occur than what the Normal distributed would predict.
The Indices, Standard Bank, African Bank and Anglo American have negative skewness that is the left tail is longer, indicating that losses occur more frequently than profits over the entire sample period. While Merafe has positive skewness implying more profits than losses were realised over the period. In general each stock and the indices display fatter tails and skewness in comparison to the Normal distribution as noted in literature [7] .
Fitting the Distribution

Normal Inverse Gaussian Distribution
The NIG distribution is a special case of the generalised hyperbolic distributions introduced by Barndorff-Nielsen in 1977 [30] . It is a continuous distribution defined on the entire real line.
Definition 1. [33] The random variable X follows a NIG distribution with parameters α, β, µ and δ, if its probability density function, defined for all real x ∈ R, is given by:
where the function The NIG distribution is characterized by four parameters α, β, µ and δ, each relating to the overall shape of the density distribution. These parameters are usually categorized in one of the two groups. The first group of parameters affecting the scaling and location of the distribution are µ and δ. The second group of parameters affecting the shape of the distribution are α and β.
The parameter α measures the tail heaviness of the distribution, the larger α the thinner the tails and the smaller α the fatter the tails. The skewness of NIG distribution is measured by β. When β = 0, the distribution is symmetric around µ. If β > 0, then the distribution is skewed to the right, whereas negative β gives skewness to the left [26] . The parameter µ and δ have the same interpretation as the mean and standard deviation on the Normal distribution. The parameter µ describes the location of the peak of the distribution or were the distribution is centered on the real number line [26] , while δ describes the spread of the returns.
One of the important properties of the NIG distribution is that it is closed under convolution. This means, the sum of independent and identical random variables which are NIG distributed is also NIG distributed. The NIG distribution has semi-heavy tail. In particular by using the following asymptotic formula of the Bessel function:
Barndorff-Nielsen [30] found that the tail of the NIG behaves as:
for |x| → ∞, where q(x) = √ 1 + x 2 and the constant A is given by:
) .
This means, the tails of the NIG distribution are always heavier than those of the Normal distribution. In addition, a clever selection of parameters can create a wide range of density shapes, making the NIG distribution a very flexible tool to use for modelling financial returns.
The Student's t-Distribution
The t-distribution suggested by Blattberg and Gonedes [34] as an alternative distribution to model financial returns, it is characterized by the shape-defining parameter known as the degree of freedom k > 0. The density function is given by:
where x is the random variable, k is the degree of freedom and Γ is the gamma function. The t-distribution is similar to Normal distribution, it is symmetrically about the mean except it exhibit fatter tails. The variance is given by k/(k − 2). The degree of freedom k controls the fat tails of the distribution, the smaller the value of k the fatter the tails of the distribution. When k increases the variance approaches 1 and therefore the t-distribution converges the Normal distribution.
The Skew t-Distribution
The Skew t is the skew extension of the t-distribution. It was first proposed by Hansen in [14] as an alternative distribution to model financial returns. There are several definitions of the density function of the Skew t given in literature. We apply the one proposed by Azzalini and Capitanio in [15] and it is given by
where t k (.) is the density function of the t-distribution given in Equation (2) with degrees of freedom k and β is the skewness parameter. When β = 0, the Equation (3) reduces to the t-distribution. The Skew t has heavy tails, which mean that it should model data with heavy tails well but may not handle extensive skewness [16] .
We fit the NIG model to the empirical data described in Section 2 and compare the fit of the NIG to the fit of the Skew t, Normal and t-distribution. Fitting the NIG distribution is straightforward using the statistical program R with the package fBasics [35] because the program has a predefined function for the maximum likelihood estimation (MLE) of the NIG distribution. Table 2 shows the maximum likelihood parameter estimates results for the fitted distributions and the graphical representation of the parameters is presented in Figure 1 , where for example alpha, beta, delta and mu are the NIG parameter estimates of the entire sample period and alpha1, beta1, delta1 and mu1 represent the NIG parameter estimates of the Pre-crisis period. Figure 1 . Graphical representation of the NIG, t-distribution and Skew t-distribution maximum likelihood parameters estimates. Figure 2 compares the log-density of the NIG, Normal, Skew t and t-distribution to the empirical data, the overall observation is that the Skew t and t-distribution have fatter tailed compared to the NIG distribution. In addition, the NIG, Skew t and t-distribution seem to adequately fit the center of the empirical distribution quite well compared to the Normal distribution. The Normal distribution has a shape of a parabola and deviates from the tails of the empirical log-density.
From Figure 3 , it is observed that the NIG, Skew t and t-distribution fits the empirical histogram better than that of the Normal distribution. These three distributions also match the empirical distribution better with respect to the skewness and the peak compared to the Normal distribution, while the NIG show a slightly higher peak.
Value-at-Risk
In this section we present the comparison of Value-at-Risk estimates under the NIG, Skew t, Normal and t-distribution to the empirical distribution of the stocks and indices. We further verify the correctness of the VaR models using the backtesting technique.
Value-at-Risk Estimates
The VaR and ES estimates obtained under the NIG, Skew t, Normal and t-distribution assumption for a one-day holding period at 99% confidence level are shown in Tables 4 and 5 
Backtesting the Model
To verify the correctness of the VaR models we perform backtesting method. This is to check how often the daily losses exceed the daily VaR estimate. The number of daily losses exceeding VaR estimate are referred to as violations. The verification of the VaR model's accuracy is fundamental to the Basel Committee so as to prevent financial institutions understating their risk and the framework of backtesting is set out in [36] . The regulatory backtesting procedure is performed over the last 250 trading days with the 99% one-day VaR compared to the observed daily profits and losses over the period. For example, over 250 trading days, a 99% daily VaR model should have on average 2.5 violations out of 250. The backtesting results are classified into three zones which are green, yellow and red zones, these zones are linked to the capital requirement scaling factor. See Table 6 . We compare the VaR estimates obtained on the 31 July 2014 to the actual observed returns over the period 1 August 2013 to 31 July 2014, the results are presented in Table 7 . We record the number of times the VaR estimates on 31 July 2014 exceeds the observed returns over the period 1 August 2013 to 31 July 2014 and classified the results into the three zones defined by the Basel Committee. For example, the results in Table 7 show that African Bank is the only stock that had a higher number of exceptions with the VaR estimates for NIG, Skew t and t-distribution recording 6 violations. Under the same example the VaR estimate for the Normal distribution recorded 11 violations. Table 6 .
The Basel Committee [36] classification of backtesting outcomes with corresponding number of violations and their scaling factor.
Zone
Number Table 8 shows the number of violations and expected number of violations over the different sample periods. Table 9 shows the test statistic values according to Kupiec likelihood ratio (LR) test [37] . The Kupiec LR test is given by:
where p is the probability under the VaR model, x is the number of violations and n the sample period. Under the null hypothesis the Kupiec LR test follows a chi-square distribution with one degree of freedom. The values of Kupiec LR test are high for either very low or very high numbers of violations [4] . The null hypothesis is not reject when the Kupiec LR test is less than the critical values.
At a 5% significance level the critical value is given by 3.8415, the null hypothesis is rejected for S & P 500 index under the Skew t and t-distribution VaR model during the pre-crisis period. Standard Bank Kupiec LR test is rejected during the post-crisis period, the number of violations is to low compared to the expected number of violations. The null hypothesis is rejected under the Normal VaR model for most of the different sample periods. The null hypothesis is not reject for all sample periods and for all shares and indices at the 5% significance level, this seems to be a better model for risk managers, given the results of the Kupiec LR test. In Tables 10 and 11 we show the likelihood of decreases on the given interval likely to be realised once every number of years, calculated under the NIG, Normal, Skew t, t-distribution and EVT assumptions of decrease in a given interval. The results in Table 10 were calculated by fitting the NIG, Normal, Skew t, t-distribution and EVT over the period 1 September 1997 to 31 July 2014 for Standard Bank and Anglo American. For African Bank the period is 29 September to 31 July 2014, Merafe the period is 17 December 1999, for the FTSE/JSE Top 40 is 30 June 1995 to 31 July 2014 and S & P 500 is 2 January 1991. These results under the NIG, Normal, Skew t, t-distribution and EVT assumptions are compared to the actual observed returns. For example in the case of Standard Bank a decrease in the interval 8.75% to 10% was observed once every 2.7 years over the period 1 September 1997 to 31 July 2014, the NIG estimates that such decrease would occur once every 4.7 years, the Skew t and t-distribution estimates 4.3 years and 4.1 years respectively. The EVT estimates the losses in the interval 8.75% to 10% to occur once every 3.3 years, while the Normal distribution estimates the losses to occur once every 136 years. Table 11 shows the likelihood of decreases on the given interval likely to be realised once every number of years by fitting the NIG, Normal, Skew t, t-distribution and EVT using the empirical data over the first half of the original period for each stock and indices. e.g., for African Bank the distributions were fitted using data over the period 29 September 1997 to 29 June 2006. These results were compared to the actual observed returns over the second half of the data, i.e., 30 June 2006 to 31 July 2014 for African Bank. The results in Table 11 shows that the losses in the interval 15% to 20% for African Bank were realised once every 2.6 years over the period 30 June 2006 to 31 July 2014. The NIG predicts that losses in the interval 15% to 20% will occur once every 8.3 years, the Skew t and t-distribution predicts that losses for the same interval will occur once every 5.7 years and 4.7 years respectively.
Conclusions
In this article we modelled selected equity stocks listed in the Johannesburg Stock Exchange, the FTSE/JSE TOP40 and S & P 500 indices using the NIG, t-distribution, Skew t and Normal distribution. Each of these statistical distributions captures different features of the financial returns. For example the NIG distribution has four parameters that capture characteristics like semi-heavy tails and skewness as observed in financial data. The Normal and t-distribution have similar characteristics such as symmetry about the mean, with the t-distribution providing the kurtosis displayed in financial data. The Skew t captures the heavy tails and skewness of the financial returns. The NIG, Skew t and t-distribution fitted the financial returns better both in the center and tails as compared to the classic Normal distribution, with the Skew t and t-distribution showing heavier tails then the NIG semi-heavy tails. We failed to reject the null hypothesis for the NIG, Skew t and t-distribution for the stocks and the indices with exception to Merafe Resources. We calculated VaR under the NIG, Normal, Skew t and t-distribution assumptions. The results obtained showed that the VaR calculated under the three distributions outperformed those under the Normal distribution. The Kupiec LR test further showed that the NIG provided better VaR estimates over different sample periods as the null hypothesis was not rejected at the 5% significant level over the different sample period. However, the t-distribution VaR estimates were rejected for the S & P 500 over the pre-crisis period and the Skew t VaR estimates were rejected for the S & P 500 and Standard Bank during the pre-crisis and post-crisis period respectively. Further research could be done in incorporating the ARMA (1,1)-GARCH (1,1) time series to the returns and volatility over the different sample periods and estimating VaR.
